The Hartree-Fock Method

Giuseppe Accaputo

18. December, 2015



Overview

1. Problem Statement

2. First Quantization

3. Second Quantization

4. The Hartree-Fock Method

5. References

Giuseppe Accaputo
The Hartree-Fock Method



Problem Statement
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Motivation

» The time-independent Schrédinger equation is defined as
HU(x) = BU(x) (1)

where H ist the Hamiltonian operator and E is the energy
of the state ¥

» Find an approximate solution of the time-independent
Schrodinger equation for a many-body system
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Examples of Many-Body Systems

» Multi-electron atoms
» Molecules

(a) Oxygen (b) Water molecule
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The Molecular Hamiltonian Operator

Kinetic energy (nucl. and el.) Coulomb repulsion (el.-el.)
- - N )
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Coulomb attraction (el.-nucl.) Coulomb repulsion (nucl.-nucl.)
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Born-Oppenheimer Approximation

» Nuclei of atoms are often much heavier than electrons

» Consider nuclei as stationary to calculate properties of the
electrons

» Hamiltonian operator for electrons:

Kinetic energy (el.) Coulomb repulsion (el.-el.)

A A
s N r

N electrons h2

Hy = Z _TWV 47750 2 Z 2 |I'k - rl|

j=1 k=11>k

47T60 Z Z \r ] (3)

Coulomb attractlon (el.-nucl.)
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Hilbert Space
» Single-body quantum system is described by a Hilbert
space H of dimension dimH = d

» N distinguishable particles are described by tensor product
of N single-body Hilbert spaces

N
HWN = 1O = R H (4)
i=1
with
dimH® = gV (5)
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Complexity of the Hilbert Space
» dV basis functions are needed to span the Hilbert space
HWN)
» Exponential scaling of the Hilbert space dimension with
number of particles is a big challenge
» Single fermion has a Hilbert space % = C? with
dimH =2

» N fermions have Hilbert space H(N) = C2" with
dim HWN) = N

» Basis for N = 30 fermions is already of size 230 j.e., over
one billion basis functions
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Many-Fermion System |

» Use Hartree product ansatz for many-particle wave
function:

Y (ry,...,ry) ~ H¢z(rz) ; (6)

N
i=1

where ¢; is a single-particle wave function

» Problem: Hartree product does not take into account
antisymmetric properties of fermions, i.e.,

Py Y(r1, 1) = Y(ra,r1) = G1(r2)d2(r1) # —1(r1)da(r2)

where P, is the exchange operator
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Many-Fermion System ||

» Solution: Fermionic wave function has to be
antisymmetric under particle exchange, thus the
antisymmetrized wave function is defined as

v = \/iv—!ngn(p) U (), Tw)  (7)

» 1/+/N!is the normalization factor
» Sum goes over all permutations p of N particles
» sgn(p) = +1 if p represents an even number of

permutations, else sgn(p) = —1
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Slater Determinant

» The many-fermion wave function in Eq. 7 can be written
as a Slater determinant:

¢1(r1) ... on(ry)
v = ——| 5 (8)

¢1(I'N) . (bN(rN)

» The set of antisymmetrized Slater determinants forms the
basis of the many-particle Hilbert space H(™)

» Example: For a two-electron system we would have

D (1) 1) = ji [61(r1)ba(r2) — d1 (r2)da(r))]  (9)
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Restrictions of the First Quantization

» Cumbersome to work with appropriately symmetrized
many-body wave functions
» It is restricted to exactly N particles

» Quantum field theory: systems with variable particle
numbers
» Solid state physics: infinite number of electrons
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Fock Space

» N =0,1,...,00 indistinguishable particles are described
by the Fock space which is defined as

F(H) = ) S e (10)

» S, is the symmetrization operator used for bosons
» S_ is the anti-symmetrization operator used for fermions

Giuseppe Accaputo
The Hartree-Fock Method



Second Quantization
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The Occupation Number Basis |

» Let {|¢1),...,|¢L)} be the basis of the single-particle
Hilbert space H

» The Fock space basis consists of states (called Fock
states) constructed by specifying the number of particles
N, occupying the single-particle state |¢,), i.e.,

|N17N2a"'7NL> (11)

» For fermions: N, € {0,1} (Pauli exclusion principle)
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The Occupation Number Basis |l

» Fock space is the space of all occupation number states
for all particle numbers N

N particles | Fermionic basis states

0 0,0,0,...)
1 11,0,0,...5,10,1,0,...5,10,0,1,...),...
2 11,1,0,...5,10,1,1,...5,]1,0,1,...),...
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Fermion Creation Operator @ |

» In Fock space, the fermion creation operator a for the
single-particle state |¢),, is introduced
» @} increases the occupation number of N, by 1 if N, = 0,

e.g.,
al11,0,0,...) = [1,1,0,...) (12)

» Fermion creation in a single-particle state that is already
occupied destroys the state, e.g.,

al1,1,0,..5=0 (13)
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Fermion Creation Operator @] Il

» Fermion creation operators have to anticommute, meaning

{a&,aﬂ} =0 (14)

» Eq. 14 is needed, since Fock states are antisymmetric
under interchange of pairs of fermions, i.e.,

alal 0y = —alal [0) (15)

» Further, Eq. 14 ensures that a state is destroyed if one
tries to create a fermion in an already occupied state,
since

() =0 (16)
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Fock Basis in Second Quantization

» The Fock state | Ny, Na, ..., Np) in the occupation
number basis can be expressed in terms of creation
operators:

Ny, Ny, N = f[ (aj)Ni
= ()" ()" () 0 )

» Fermion creation operators anticommute, thus ordering of
the operators matters

» The normal ordering that is used from now on is defined
by Eq. 17
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Fermion Annihilation Operator a,

» Fermion annihilation operator a, decreases the occupation
number of N, by 1if N, =1, e.g.,

a1/1,0,0,...5 =10,0,0,...) (18)

» Fermion annihilation in a single-particle state that is not
occupied destroys the state, e.g.,

a210,0,0,...>=0 (19)
» Fermion annihilation operators anticommute, i.e.,

{8, 85} = 0 (20)
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Definition of @ and a, |

al |Ni, Ny, ..., Ny,...> = 0n.0(=1)% [Ny, N, ... Ny +1,..)
Go |N1, Noy ... Ny, .. > = n1(—=1)% [Ny, No, ... Ny —1,..)

where

Su= Y Ny (23)
y<a

and 6, = 1 if ¢ = j and 0 otherwise
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Definition of @ and @, Il

From Egs. 21 and 22 it follows that the antisymmetric property of
fermions is fulfilled, since

Lag = —agal,  (a#p) (24)
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One-Particle Operators |

> One-particle operator V() consists of a sum of N
identical operators V; acting only on the Hilbert space of
the i-th electron

<>

(25)

=g

» Example: the kinetic energy operator defined as

2

2_] b (26)
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Second Quantization
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One-Particle Operators |l

» V; operating on a one-electron wave function ¢,(r;, s;) it
produces a superposition of one-electron wave functions

V(rba r;, 31 Z Vﬂa¢ﬂ r;s Z) (27)

with the amplitudes

Via = (i, B Vi li, ) (28)
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Second Quantization
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One-Particle Operators Il

» Applying V) on a Fock state a superposition of states is

generated
VO o, . au,. . an) (29)
L
= > Vaa,lon, . ai = B, ey (30)
3 i=1
» |, ..., = ..., ar) denotes the state obtained from

lag, ..., 0, ..., ap) upon replacing ¢,, by ¢

lag, ..., > B,...,ap) = A};&ai

Oy ey Qg e QL)
(31)
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One-Particle Operators IV

» The one-particle operator 7@ can now be expressed as

VI =N Vgl (32)
a7B
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Two-Particle Operators |

> Two-particle operator @ consists of a sum of N
identical operators V;; acting on the Hilbert spaces of two

electrons
. 1.
Ve = o3V (33)
i#]

» Example: Coulomb interaction term
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Two-Particle Operators Il

> Analogous to the derivation shown for the one-particle
operator, one obtains for the two-particle operator /(2

<>

1 it At
2) _ 3 a;5 Vaﬁmgala};awag (35)

with the amplitudes

A

Visap = ((i,7] G, 01) Vi (15, @ |4, 8)) (36)
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Hamilton Operator in Second Quantized Notation |

» Use basis set of L orbital wave functions {f;}
» The matrix elements of [, (Eq. 3) are defined as

b= [anw (—o v v )i @
Vi = [ @ [ @22 ()06 = WA (39

r—r|

where %;; is a one-particle and V;;; a two-particle
operator, and

1 & €2
Vir) =  4reg mz_:1 Ir — R, (39)
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Hamilton Operator in Second Quantized Notation Il

» He can now be written in second quantized notation as

N A 1 o R R
Hel = 2 tija;-ra aj,, + 5 Z Vijklaga a,Tm/ Qg a,ja (40)

jo ijkloo’
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The Hartree-Fock Approximation

» Approximation is based on the assumption of independent

electrons

» N-fermion ground state wave function is represented as a

single Slater determinant

¢1(r1,01)
1

pHR) — =
VNI

<Z51(I'N7UN)

dn(ry,01)

on(rn, oN)

(41)
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The Hartree-Fock Equations |

» Closed-shell conditions are assumed, i.e., each orbital is
occupied by both an electron with spin 1 and spin |

» WHF) (Eq. 41) in second quantized form:

[ =T el 10> (42)

no
wso

where cf,, is orthogonal and creates an electron in the
orbital ¢, (r, o)

Giuseppe Accaputo
The Hartree-Fock Method



The Hartree-Fock Method
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The Hartree-Fock Equations Il

» ¢}, is expanded in terms of creation operators a,, of our
finite basis set:

L
= Z dl”l ajw (43)
n=1

Giuseppe Accaputo
The Hartree-Fock Method



The Hartree-Fock Method
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The Hartree-Fock Equations Il

» Bond-order matrix is introduced:

Py = > (WO ol o, WMD) =23 dxd,;  (44)
» The kinetic term of H is simplified to

Z tij (Al;ra &jg = Z Pijtij (45)
i

ijo
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The Hartree-Fock Equations Il

» The interaction term becomes

PPy — PyPy, o=0
Piijh o # o’
(46)

W al 0], oty 1) =

» Thus, the interaction term of He| simplfies to

S 2 < gkl — ’lej) Piijl (47)

’ijl

Giuseppe Accaputo
The Hartree-Fock Method



The Hartree-Fock Equations IV

» Combining Eqgs. 45 and 47 leads to the energy term

EHP — (g (HF)| H |(HF)>

= Z Pl]t’bj + = Z ( ijkl — Zlk]) Pijpkl (48)

’ijl
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The Hartree-Fock Equations V

» Minimize ") under the condition that the states |¢),,
are normalized:

1= (ul Gy = ), i, Sy (49)
i,j
with the overlap matrix S defined as

Sii = fd?’rfi*(r)]g-(r)ap (50)

» S is the identity matrix for an orthonormal basis set
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The Hartree-Fock Equations VI

» Introduce Lagrange multipliers to enforce the constraint
we have to minimize

Z Pty + - Z < ikl — zlkj> Py Py — Z Euz d;idujsij
H i,J

ijl
(51)
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The Hartree-Fock Equations VII

» Set the derivative with respect to d,; to zero to get the
Hartree-Fock equations for a finite basis set:

L
Z (fj — €uS;)dyj = 0 (52)

j=1

with

t’L] + Z ( gkl — Zlkj) Pkl (53)
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The Hartree-Fock Equations VIII

» Eq. 52 is a nonlinear generalized eigenvalue problem of
the form

F[x]x = ASx (54)

where F is the potential matrix and S is the overlap
matrix

» Eq. 54 can only be solved iteratively until convergence to
a fixed point is achieved, since F' depends on the solution
X
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The Hartree-Fock Equations IX

» The ground state energy £° can be found using

N
1 1
FEy = 2 €, — 52 (Vijkz ~3 Vz’lkj) P Py (55)

v=1 ikl

» The second term in Eq. 55 has to be subtracted, since
the two-electron integrals are counted double
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